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K-means

Given: n points xi ∈ Rd, i ∈ 1, ..., n
Goal: Find the k clusters µ = (µ1, ..., µk)
Minimize

L(µ) =
n∑

i=1

min
j∈1,...,k

‖xi − µj‖22

Algorithm : Assignment and refitting step

zi ∈ arg min
j∈{1,...,k}

‖xi − µj‖22 µj =
1

|{i : zi = j}|
∑
i:zi=j

xi
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K-means — visualization
Given data

Example k = 2, d = 2
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K-means — visualization
Initialization of µ1 and µ2

Example k = 2, d = 2
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K-means — visualization
Assignment step

Example k = 2, d = 2

5
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Assignment step

Example k = 2, d = 2
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K-means — visualization
Assignment step

Example k = 2, d = 2

11



K-means — visualization
Assignment step
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K-means — visualization
Assignment step

Example k = 2, d = 2
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K-means — visualization
Refitting step

Example k = 2, d = 2
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K-means — visualization
Refitting step

Example k = 2, d = 2
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K-means — visualization
Refitting step

Example k = 2, d = 2
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K-means — visualization
Refitting step

Example k = 2, d = 2
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ReviewQ6

Explanation of Q6 (switch to solutions)

18



L2 Loss

L(µ) =
n∑

i=1

min
j∈1,...,k

‖xi − µj‖22

L(µ) =
n∑

i=1

‖xi − µzi‖22 zi = arg min
j∈1,...,k

‖xi − µj‖22

µ = arg min
µ

n∑
i=1

‖xi − µzi‖22

µj = arg min
µj

∑
i:zi=j

‖xi − µj‖22
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L2 Loss

µj = arg min
µj

∑
i:zi=j

‖xi − µj‖22

∂L

∂µj
=

∑
i:zi=j

−2(xi − µj) = −2
∑
i:zi=j

(xi − µj) = 0

=
∑
i:zi=j

(xi − µj) =
∑
i:zi=j

xi − |{i : zi = j}|µj = 0

=⇒ µj =
1

|{i : zi = j}|
∑
i:zi=j

xi
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L1 Loss

L(µ) =
n∑

i=1

min
j∈1,...,k

‖xi − µj‖1

L(µ) =
n∑

i=1

‖xi − µzi‖1 zi = arg min
j∈1,...,k

‖xi − µj‖1

µ = arg min
µ

n∑
i=1

‖xi − µzi‖1

µj = arg min
µj

∑
i:zi=j

‖xi − µj‖1 = arg min
µj

∑
i:zi=j

d∑
q=1

|xi,q − µj,q|
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L1 Loss

µj = arg min
µj

∑
i:zi=j

d∑
q=1

|xi,q − µj,q|

µj,q = arg min
µj,q

∑
i:zi=j

|xi,q − µj,q|

L(µj,q) =
∑
i:zi=j

|xi,q − µj,q|

=
∑

i:zi=j, xi,q≤µj,q

|xi,q − µj,q|+
∑

i:zi=j, xi,q>µj,q

|xi,q − µj,q|
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L1 Loss

L(µj,q) =
∑

i:zi=j, xi,q≤µj,q

|xi,q − µj,q|+
∑

i:zi=j, xi,q>µj,q

|xi,q − µj,q|

=
∑

i:zi=j, xi,q≤µj,q

(µj,q − xi,q) +
∑

i:zi=j, xi,q>µj,q

(xi,q − µj,q)

∂L

∂µj
= |{i : zi = j, xi,q ≤ µj,q}| − |{i : zi = j, xi,q > µj,q}| = 0

=⇒ µj,q = median (xi,q, i : zi = j)
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Mean vs Median — visualization

Example with an outlier k = 1, d = 1
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Mean vs Median — visualization

Example with an outlier k = 1, d = 1, median in blue and mean in red
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END OF REVIEW OF HW5
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