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Regression
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Correction of HW 1 on Moodle

e Question 14

o https://piazza.com/class/k6idygvjdaiZre?cid=40



https://piazza.com/class/k6i4ygvjdai2re?cid=40

logay's lutorial

* A recap on recent lectures regarding regression

 More in-depth demos based on Prof. Krause's demos
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|_Inear Regression

Y = WX + WhX,

aack W X g W

Model:




|_Inear Regression

* Model: 5\7 — WiXq 5 WrXr e Wi _1X4-1 + o

° V=W X, W= [Wo, Wi, Wh, ...,Wd_l]T,X — [l,xl,XZ, ...,xd_l]T




|_Inear Regression

* Model: y = wix; +woxy + ... + Wy_1x,_ 1 + W,

* OR: 5\7 =W X W = [W(), WI’WZ’ s . Wd_l]T,X = [la-x]a xza °°°9xd—1]T
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|_Inear Regression

e Model: 5\7 — Wlxl -+ W2x2 . Wd_lxd_l o WO

e OR j} = N X W = [WO’ W19W2’ s Wd_l]T,X = [laxla x29 °'°9xd—1]T

* Data distribution




|_Inear Regression

e Model: y = wix; +wWoxy + ... + W, _1X,_1 + W

e OR j\} — W X, W= [W()a Wla ) s --°9Wd—1]T9X = [19x19x29 “"xa’—l]T
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Monte Carlo Estimation

 Given a function f( - ) and a distribution p( - ) in a domain £2,

estimate Ey,_,[ /(X)]




Monte Carlo Estimation

 Given a function f( - ) and a distribution p( - ) in a domain £2,
estimate -XNp[ f(X)]

© Ex, 001 = | fpdr~— " fx®)




Monte Carlo Estimation

 Given a function f( - ) and a distribution p( - ) in a domain £2,
estimate -XNp[ f(X)]




Monte Carlo Estimation

 In general, to estimate integral (x) dx

. Use samples from distribution g( - )
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Monte Carlo Estimation

 In general, to estimate integral (x) dx

. Use samples from distribution g( - )
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Monte Carlo Estimation

+ Ex [f00] = | fp@dx~— ) fx?)

o

» Can also use another distribution g( - )




|_Inear Regression

te true risk R(w)
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|_Inear Regression

« Hence we can use a finite dataset to estimate true risk R(w)

* R(w) =Ep_ [(y—wW'x)"]

* Dataset: D = (X, v:) }1.\; i, D ~ Pp, i.i.d. data examples (X;,y;) ~ P(X,y)




|_Inear Regression

« Hence we can use a finite dataset to estimate true risk R(w)

* R(w) =Ep_ [(y—w'x)’]

» Dataset: D = {(x;,y,) }ﬁ.\; D ~ Pp, i.i.d. data examples (X;, y;) ~ P(X,y)




Closed-form solution

. W =argmin ) (y;— w'x)* = Ww=XX)"'X’
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Gradient Descent
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Gradient Descent

. W, € R% initialization

W ntVIAQ(W ): update at step t = 1,2,3,...

s




Gradient Descent

. W, € R initialization
¢« W, =W, | — r]tVIA{(Wt): Updatoototonfe. )30

 Convex function: convergence guaranteed for small #,
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Non-linear Features

s V=wxoy—yvioxweR.vec R"




Non-linear Features

e y=wx - y=vlgx), weR"veR"

e @(X)is nonlinear: R"™ — R"




Non-linear Features

e y=wx - y=vlgx), weR"veR"

e @(X)is nonlinear: R"™ — R"




Non-linear Features

e y=wx - y=vlgx), weR"veR"

e @(X)is nonlinear: R"™ — R"

Sl [x1, 20, 330", $(X) = [Lxy, X7, %53, In 53,




Which Models Are Better?

. The models w with lower true risk R(w)




Which Models Are Better?

. The models w with lower true risk R(w)

e Under-fitting: not enough capacity
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» Over-fitting: too much capa
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Which Models Are Better?

. The models w with lower true risk R(w)

e Under-fitting: not enough capacity
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Training/Testing Split

. Empirical risk R,(W;,) usually underestimate true risk R(W,)

o Ep[Rp(Wp)] < Ep[R(Wp)]




What if we evaluate performance on training data?

Wp = argmin Rp(w) w" = argmin R(w)

W W

» In general, it holds that < Ep

E,

¢ Thus, we obtain an overly optimistic estimate!

-R(WD):




Training/Testing Split

. Empirical risk R,(W;,) usually underestimate true risk R(W,)

o Ep[Rp(Wp)] < Ep[R(Wp)]
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Training/Testing Split

. Empirical risk R,(W;,) usually underestimate true risk R(W,)

o Ep[Rp(Wp)] < Ep[R(Wp)]

+ “Too optimistic” about the mode



Validation and Testing Sets”

e |[f we use only the training/testing split, we can overfit the testing set

iR (i Dt RO )

test lrain

AT,
SE

X5




Validation and Testing Sets”

e |[f we use only the training/testing split, we can overfit the testing set

iR (i Dt RO )

test lrain lrain
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Validation and Testing Sets”

e |[f we use only the training/testing split, we can overfit the testing set

. Ry (Wp. ) # R(Wp

test train train

* Do not select the model based on test




Cross-valigdation

e Demo: k-fold CV for model selection

All Data
Training data Test data

Fold 3 Fold 4 Fold 5

Split 1 Fold3 || Fold4 | Fold5
Split 2 Fold3 | Fold4 Fold5

Spiit3 | Fold1 | Fold2 || Fold3  Fold4 | Fold5 |
Split 4 Fold2 | Fold3 || Fold4 | Fold5

Split5 | Fold 1 Fold 2 Fold 3 Fold 4 Fold 5
Final evaluation { Test data

37 Image credit: sklearn

Finding Parameters



https://scikit-learn.org/stable/modules/cross_validation.html

Regularization

e "Our models cannot be that complex, those large weights can only
come from noise”

« — Penalize large weights in the loss functions




Regularization

. min R,,(W) + 1C(w)
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Regularization

. min R (W) + AC(w)

e Linear regression: IAQD(W) = 2 (v, — W X)?




Regularization

. min R (W) + AC(w)

e Linear regression: R (W) = —Z (v, — W X)?
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| asso Leads to Sparsity

contours of RSS as
it move away from

RSS (Least Square)
coefMiclents

AS

B

The lasso coefMiclents

i

“\ The ridge regression

coefficients

The penalty term (budget)
shown as a constraint region

RIDGE REGRESSION

i Image credit: link


https://medium.com/towards-artificial-intelligence/how-regularization-can-help-in-overfitting-the-data-ad9ff80f9ccc

Standardization

 The "small-weight” idea only applies when the data is standardized




Standardization

 The "small-weight” idea only applies when the data is standardized

. e.9. x; is income (10%), x, is altitude (10°), x5 is height (10"




Standardization

 The "small-weight” idea only applies when the data is standardized

. e.9. x; is income (10%), x, is altitude (10°), x; is height (10"
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Standardization

 The "small-weight” idea only applies when the data is standardized

. e.9. x; is income (10%), x, is altitude (10°), x; is height (10"
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