Gaussian Mixture Models
and EM algorithm

Radek Danecek



Gaussian Mixture Model

* Unsupervised method
* Fit multimodal Gaussian distributions
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Formal Definition

* The model is described as:

p(x]0) = Zﬂ'k/\[ x|y, 2g), . > 0, Zﬂ'k =1,

k=1 k
* The parameters of the model are:
9 — (71-17 "'77TK: I"’l? "‘J"'LKJ 217 st ZK)
* The training data is unlabeled — unsupervised setting

* Why not fit with MLE?



Optimization problem

¢ MOdel: X‘@ Zﬂk/\[ X’uk,zk) T > 0

9 — (7-(17 "'77TK:I"’17 "‘JI"LKJ 217 se ZK)

* Apply MLE:
* Maximize: ZlOQZWkN X |y, 2ik)
n=1

e Difficult, non convex optimization with constraints

e Use EM algorithm instead



EM Algorithm for GMMs

* |dea: .
* Objective function: L(¥) =) log) mN (xn|py, )
n=1 k=1
* Split optimization of the objective into to parts

* Algorithm:
* |nitialize model parameters (randomly): O = (T1y eeey TR, s oeey Pofgy 215 wevy 2K )

* [terate until convergence:
* E-step
* Assign cluster probabilities (“soft labels”) to each sample

* M-step
* Solve the MLE using the soft labels



Initialization

* Initialize model parameters (randomly)

9 — (71-17 e TR, I"’l? "‘JI"LKJ 217 cety ZK)
e Uniform for cluster probabilities

Initial state
. -

* Centers
e Random
e K-means heuristics

* Covariances:
* Spherical, according to empirical variance



E-step

* For each data point z,, and each
cluster k, compute the probability t
that z,, belongs to k
(given current model parameters)

Probabilities of point n
belonging to clusters 1...K
(sum up to 1)

N
0= (7-‘-17 ey TRy My -oey HEC 217 s ZK)
TN (x 3 Y
Tnk ‘= P(Zn = k|Xn) — 2K ( n“%’ ) : Sum determines the
Zj:l WJN(Xn‘P’jv >5) “weight” of cluster k

“soft labels”



E-step

* For each data point z,, and each
cluster k, compute the probability
that z,, belongs to k
(given current model parameters)

9 — (7-‘-17 "'77TK:I~”17 "‘JI‘I’KJ 217 seey ZK)

WkN(X’NJ'IJ’ka zk)

'nk = p(Zn — k‘X’n) —

“soft labels”

= .
> i1 TN (Xn |, 35)
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M —

M-step
* Now we have “soft labels” for the data -> fall back to supervised MLE

* Optimize the log likelihood:

* Instead of the original (difficult objective):  L(# Z log Z?WV X |, k)
We optimize the following: n=1

L(0) = Elp(z, 2|0)] = ZZ (log (miN (xn|peg, k)
n=1k=1

 Differentiate w.rt. 0= (71, ... Tr, oy, oo g, 21, o, 2K)

N N N
Zn:1 I'nk . Zn:1 FnkXn > Zn:1 Pk (Xn — Nk)(Xn — Nk)T
M = N k —

K N N
Zk:l anl Tnk anl Tnk Zn:1 Tnk



M-step

* Update model parameters: . .

9 — (7Tla ey MK ”17 "'7”’[{7 217 seey ZK)

Probabilities of point n
belonging to clusters 1...K
(sum up to 1)

* Update prior for each cluster: N

N
anl rnj

— K N
Zkzl anl T'nk v

¥

Sum determines the
“weight” of cluster k

Normalized column-wise sum

are priors for clusters 1...K



M-step

* Update model parameters:

9 — (7-‘-17 "'77TK:I~”17 "'JI‘I’KJ 217 seey ZK)

* Update mean and covariance of
each cluster

S kX
_ Z2un=1"TnkXn
F”k'_ N

anl I'nk

S k(X — 1) (X5 — 1)

T
i =

25:1 T'nk
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M-step

* Update model parameters:

9 — (7-‘-17 "'77TKJI‘L17 "'JI‘I’Kﬁ 217 seey ZK)

* Update mean and covariance of
each cluster

ZN Ty kX
L n:]_ T n
M = N

anl I'nk

i =

N
S k(X — ) (X — )

25:1 T'nk
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EM Algorithm for GMMs

* Idea: N
* Objective function: L(¥) =) log) mN (xn|py, )
* Split optimization of the oISj:éctil\ﬂ/:e1 into to parts
* Algorithm:
* Initialize model parameters (randomly): 0 = (71, ..., T, fys ooy gy 21y -y DK )
* |terate until convergence:

* E-step | o ) — (e = k) = TN (X0 |y, i)
. M:Stis:gn cluster probabilities (“soft labels”) to each sample 7nk = pl2zn = FXpn) = 25{21 TN (%, 25)
* Find optimal parameters given the soft labels
. S ok = S X 5, — >t Tk (% — ) (%0 — )"

— K N N N
Zk:l Zn:l T'nk anl T'nk anl I'nk
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Overlapping clusters

Ilter M-step 17 Log-Likelihood
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Unequal cluster size

-step O

Iter M

Iter E-step O
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Imbalanced cluster size
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Sensitivity to Initialization

Ilter M-step 49 Log-Likelihood
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Sensitivity to Initialization

Iter M-step 0

Iter E-step O
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Sensitivity to Initialization
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Sensitivity to initialization
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Degenerate covariance

e The determinant of the covariance matrix tends to O

N
>, Zn:l Pk (Xn — M) (Xn — ﬂk)T
k p—

+ Al
Zi\,f:l Tnk




Practical Example — Color segmentation

* Input: animage 7 ¢ Rwxhxc

e Can be thought of as a dataset of 3D (color) samples

X c R’thc

* Run 3D GMM clustering over X



Practical Example — Color segmentation

Input Image




Practical Example — Color segmentation

3 clusters




Practical Example — Color segmentation

4 clusters




Practical Example — Color segmentation

5 clusters




Practical Example — Color segmentation

7 clusters




Practical Example — Color segmentation

8 clusters




Practical Example — Color segmentation

9 clusters




Practical Example — Color segmentation

10 clusters




Practical Example — Color segmentation

15 clusters




Practical Example — Color segmentation

20 clusters




Practical Example — Color segmentation

Input Image




EM Algorithm for GMMs

* Idea: N
* Objective function: L(¥) =) log) mN (xn|py, )
* Split optimization of the oISj:éctil\ﬂ/:e1 into to parts
* Algorithm:
* Initialize model parameters (randomly): 0 = (71, ..., T, fys ooy gy 21y -y DK )
* |terate until convergence:

* E-step N )
Tk Xn |y 2E
* Assign cluster probabilities (“soft labels”) to each sample 7nk = p(2n = k|xp) =
° M Step ; i ( ) P 25{21 WjN(XTL‘“_jJ EJ)

* Find optimal parameters given the soft labels

N N
2 n=1 "nk N TakXa SO k(R — ) (% — )T

- =K N My, = =
Zk:l Zn:l Tnk ij:l 'nk 27]1\[:1 T'nk

Tk




Generalized EM

* Idea: N
* Objective function: L(¥) =) log) mN (xn|py, )
* Split optimization of the oISj:éctil\ﬂ/:e1 into to parts
* Algorithm:
* Initialize model parameters (randomly): 0 = (71, ..o, T, by ooy Moy 2015 -oes 2K )
* Iterate until convergence:

* E-step -
T Xn y
 Assign cluster probabilities (“soft labels”) to each sample  Tnk := p(2n = k|xn) = Kk N = kz.

* Find optimal parameters given the soft labels

N N
Zn:l "nk _ 22;1 "'nkXn X = Zn:l Tk (Xn — M) (Xn — Nk)T

— K N Ky =
Zk:l Zn:l Tnk ij:l 'nk 27]1\[:1 T'nk

Tk




Generalized EM

* Idea: N
* Objective function:  L(¥) = log) mpi(x.|0x)
* Split optimization of the objE:étivé:ilnto to parts
* Algorithm:
* Initialize model parameters (randomly): 0 = (7, ...
* |terate until convergence:

* E-step -
T Xn y
 Assign cluster probabilities (“soft labels”) to each sample  Tnk := p(2n = k|xn) = Kk N = kz.

* Find optimal parameters given the soft labels

N N N
_ KE:nzl;”k o, = Zn:1 T'nkXn ), = Zn:1 Tk (Xn — M) (Xn — Nk)T
L = —
D k=1 2an—1Tnk ij:l Trk 25:1 Tnk

Tk




Generalized EM

* Idea: N
* Objective function:  L(¥) = log) mpi(x.|0x)
* Split optimization of the objE:étivé:ilnto to parts
* Algorithm:
* Initialize model parameters (randomly): 0 = (7, ...
* |terate until convergence:

* E-step -
T Xn y
 Assign cluster probabilities (“soft labels”) to each sample  Tnk := p(2n = k|xn) = Kk N = kz.

* Find optimal parameters given the soft labels

N N N
_ KE:nzl;”k o, = Zn:1 T'nkXn ), = Zn:1 Tk (Xn — M) (Xn — Nk)T
L = —
D k=1 2an—1Tnk ij:l Trk 25:1 Tnk

Tk




Generalized EM

* Idea: N
* Objective function:  L(¥) = log) mpi(x.|0x)
* Split optimization of the objE:étivé:ilnto to parts
* Algorithm:
* Initialize model parameters (randomly): 0 = (nq,...,7g,01,...,0K)
* |terate until convergence:

* E-step o
T X, |0k
* Assign cluster probabilities (“soft labels”) to each sample  7nk = P(2n = k[xs) = K’“p’“. | "” -
* M-step ijl ;iP5 (Xn|0;)

* Find optimal parameters given the soft labels

N N
Zn:l "nk _ 22;1 "'nkXn X = Zn:l Tk (Xn — M) (Xn — Nk)T

— K N Ky =
Zk:l Zn:l Tnk ij:l 'nk 27]1\[:1 T'nk

Tk




Generalized M-step

* What is the objective function?

* GMM:

L) = Elp(z,2(0)] = > > rar (log (meN (x|, Si)))

L(0) = Elp(z, 2|0)] = Z Z”’“nk (log (Tkpr(Xn|0k)))



Exercise

e Consider a mixture of K multivariate Bernoulli distributions with
parameters p = {p1, - i}, where w, = {1, pka }

e Multivariate Bernoulli distribution:

D .
pk-(w|”) — Hd:1 Mk?z(l - Mkd)l d

* Question 1: Write down the equation for the E-step update

hint GMM: Answer:

_ N (Xn|py, i)
o K
Zj:l WjN(Xn“’l’jﬂ Ej)




Exercise

e Consider a mixture of K multivariate Bernoulli distributions with
parameters p = {p1, - i}, where w, = {1, pka }

 Multivariate Bernoulli distribution:

D .
pk-(w|”) — Hd:1 Mk?z(l - Mkd)l d

* Question 1: Write down the equation for the E-step update

hint GMM: Answer:

TN (X |, 2i) Tl L e (1 — puga) "

Zj:l TN (Xn 5, 25) " B ' Zf:l Ty HdDzl “j’g(l — pja)!



Exercise

e Consider a mixture of K multivariate Bernoulli distributions with
parameters p = {p1, - i}, where w, = {1, pka }

 Multivariate Bernoulli distribution:

D .
pk-(w|”) — Hd:1 Mk?z(l - Mkd)l d

* Question 2: Write down the EM objective:

L(0) = E|p(x, 2|0)]

M

rnk ( log (Tkpr(Xn|0k)))
n=1 k=1



Exercise

e Consider a mixture of K multivariate Bernoulli distributions with
parameters p = {p1, - i}, where w, = {1, pka }

 Multivariate Bernoulli distribution:

1l—x4

D x
pk-(w|”) = Hd:1 Mk?z(l — Ukd)

* Question 2: Write down the EM objective:
L(0) = E|p(x, 2]0)] = ernk log (mrpr(Xn|6k)))

=1k=1

N
3 r ( g ( [ peecr - >))
1 d=1

=1

3

] =

L(0) = E|p(x, z|0)]

e
I

3



Exercise

 Multivariate Bernoulli distribution:

pr(z|p) = HdD=1 fa(1 = pirg)' —*
* EM objectlve

N K
L(0) = E|p(x, 2|0)] ernk log (mkpk(Xn|0k)))

n=1 k=1



Exercise

 Multivariate Bernoulli distribution:

pr(z|p) = HdD=1 fa(1 = pirg)' —*
 EM objective:

L(0) = Elp(z, 2|6)]

ME
] =

Tk ( log (TP (Xn|0k)))

D
e B )
1 d=1

S
I
—
&
I
—

)=
M=

L(0) = Elp(z, z(0)]

S
[
=
&
I



Exercise

 Multivariate Bernoulli distribution:

pr(z|p) = HdD=1 fa(1 = pirg)' —*
 EM objective:

L(0) = Elp(z, 2|6)]

ME
] =

Tk ( log (TP (Xn|0k)))

D
e B )

d=1

S
I
—
&
I
—

)=

L(0) = Elp(z, z(0)]

L(#) = Elp(z, z|0)]

|
M=
M 11

D
o ( log () + ) log (") +log ((1 - ukd)lw))

d=1

S
I
—
o
I
| —



Exercise

 Multivariate Bernoulli distribution:

pr(z|p) = HdD=1 fa(1 = pirg)' —*
 EM objective:

L(0) = Elp(z, 2|6)]

ME
] =

Tk ( log (TP (Xn|0k)))

D
e B )

d=1

S
I
—
&
I
—

)=

L(0) = Elp(z, z|0)]

L(#) = Elp(z, z|0)]

|
M=
M 11

D
o ( log () + ) log (") +log ((1 - ukd)lw))

d=1

S
I
—
o
I
| —

ME
] =

L(0) = Elp(z, z|0)] Tnk ( log () + Y wnalog (pra) + (1 — zpna)log (1 - Mkd)))

d=1

S
I
—_
&=
I
—



Exercise

* Question 3: Write down the M-step update

N K D
L(0) = Elp(z.210)] = 3. > ru ( log (1) + 3 @nalog (1tra) + (1 — waa)log (1 - ukd»)

d=1

n—

1
e Differentiate wrt.: 0 = (M1, .o, Tk, fhyy ooy Mg )

8[) L E:g;lrnj
—— =0 i = <K N
aﬂj 2:k=1§:n:1rnk



Exercise

* Question 3: Write down the M-step update

N K D
L(0) = Elp(z.210)] = 3. > ru ( log (1) + 3 @nalog (1tra) + (1 — waa)log (1 - ukd»)

d=1

e Differentiate wrt.: 0 = (M1, .o, Tk, fhyy ooy Mg )

8[4 L Z';]’LV:1 rnj
—— =0 i = <K N
aﬂj 2:k=1§:n:1rnk

N
8L n 1— n
:Zrnk(Q‘F md):()

Opkd =4 Ped 1 — pkd




Exercise

* Question 3: Write down the M-step update

D
L(0) = E|p(x, z|0)] Z Z’T’nk ( log (m1) + andlog (pga) + (1 — xpq)log ((1 — ukd)))

=1k=1 d=1

e Differentiate wrt.: 0 = (M1, .o, Tk, fhyy ooy Mg )

N
8L R Zn:l rnj
—— =0 TP = &SK N
N N
(9L . Z Tnd B 1 — Tnd o B anl T"nkTnd
Hkd = Hkd Hkd S Tnk



Summary

 EM algorithm is useful for fitting GMMs (or other mixtures) in an
unsupervised setting

e Can be used for:
* Clustering
* Classification
e Distribution estimation
e QOutlier detection



Other unsupervised clustering techniques

MiniBatchKMea#A$finityPropagation MeanShift SpectralClustering Ward AgglomerativeClusteringdBSCAN OPTICS Birch GaussianMixture

" 5345 48s ~ 11s ~.09s ~ 0ls T117s  03s 02s

Source: https://scikit-learn.org/stable/modules/clustering.html



https://scikit-learn.org/stable/modules/clustering.html

Alternative for density estimation

e Kernel density estimation

Bradypus Variegatus Microryzomys Minutus

Source: https://scikit-learn.org/stable/auto examples/neighbors/plot species kde.html



https://scikit-learn.org/stable/auto_examples/neighbors/plot_species_kde.html
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