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Announcements

Math recap this Friday 20.2.

Python tutorial next Monday 23.2. including conda setup (briefly) & Numpy

- Demos (requiring gitlab) are separate from projects

Mandatory project (different from homeworks!)

o We allow groups of max. 3 students (including groups of 1 or 2)
o Each person submits a video even if you're a group of 3 and explains the entire solution
(not just the part that you did). The idea is that to make sure you understood the steps

o Teams are registered per project



Recap and plan for today

Last lecture: Different problems in machine learning

-« supervised learning & unsupervised learning

Today: Walking through the supervised learning pipeline with
« Example problem: Average housing price prediction

» the simplest ML method: solving linear regression in 1 dimension

" and mu/tip/g



Simplified diagram of supervised learning

Some test input x

. ML method: L t
Training Data I::> :> earn
ning efficiently find rules

that fit training data

(x 1»_3’ 1)

ML scientists

_ Prediction
design 9

(s i)

attributes  supervision:
of patient  observed labels
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Machine learning pipeline

Training Data I:>

ML method:
efficiently find f € F

ML Scientists
design

—

Function class F

* linear functions .

Training loss

squared loss

~

Optimization

closed-form



Example: Housing price prediction

| want to list my house for sale! | am notin a rush nor am |
At which price should | sell it? after maximum profit.

/ Find the average market
- price for houses of my kind!




ML pipeline to find average house price

Last lecture | learned: | can use machine learning to do that. If | can find historical data of sold
houses, | can use supervised learning. Since prices are continuous, it's a regression task!

y

/ Can't feed houses into
computer!

. ML method:
Training Data I:> efficiently find f € F I:>

that fits training data l

Average price for
your house in CHF




Step 0: find numerical attributes to describe house

/\ extract

mmmmm)  ottributes  x(7))

« Determine how to represent houses in using numerical values
« for example using attributes such as

size, # bathrooms, distance to public transport, years since construction ...



ML pipeline to find average house price

Step I: Collect

Training Data )

Step Il: Learn

ML method:
efficiently find f € F
that fits training data

House 1: attributes, price

House n: attributes, price

Step lll: Predict

Your house: attributes

== (oo

l

Average price for
your house in CHF



Plan for today

 Linear regressionin 1-d

o Steps | (data collection), Ill (prediction with f)in1d
o Step Il (training method):
i. Class of linear functions
ii. Motivating the squared loss
iii. Finding minimizer of the loss via stationary points

o Comment on other loss functions

- (Multiple) linear regression for general d

11



Step I: Collect data of other houses

Input attribute x: size in m?;

Output y: sales price in CHF

X1 = 120, Vi = 15 mll
extract

N

x, = 200 y, = 3 mil

x3 =130 y; = 1mil

x4 = 135, y, = 0.7 mil

Facdrdrd-d

xs = 80, ys = 0.7 mil

Disclaimer: these are artificial numbers in an imaginary city



Step | — IlI: From training data to predicting with f

Training Data

N

—>

ML method:

efficiently find f € F
that fits training data

-

x, = 120,y, = 1.5 mil

[

X, =200 y, = 3 mil

X3 = 130 y; = 1 mil

x4 = 135, y = 0.7 mil

>

x5 = 80, y = 0.7 mil

<

»
|

(XS' YS) °
0.0 .\
(x1,y1)

price in CHF

price in CHF

size in m?

= Cotr >

N

\
X Model
outputs
/\f(x)
> X

size in m?



Step | — IlI: From training data to predicting with f

Training Data

[

>

X, =120, y; = 1.5 mil

X, =200 y, = 3 mil

X3 = 130 y; = 1 mil

x4 = 135, y = 0.7 mil

x5 = 80, y = 0.7 mil

ML method:
: efficiently find f € F
that fits training data

y

A
L [ )
T . o
(é (XS'YS) °
S './° . (x\ )
o R 1 Y1

fex (8

£

Predicted

average price
for my housg!

size in m?

= Cotr >

N

~

Model
outputs

f(x)

y
A

sizeinm? ,
x(42)



Step II: A method to obtain a model f

Training Data I:>

ML method:
efficiently find f € F :> @

that fits training data

ML Scientists

/

chooses
AN
~
Function class F Training loss Optimization
? ? ?



Plan for today

 Linear regressionin 1-d

o Steps | (data collection), Il (prediction with £) in 1d
o Step Il (training method):
i. Class of linear functions
i. Motivating the squared loss
iii. Finding minimizer of the loss via stationary points

o Comment on other loss functions

- (Multiple) linear regression for general d

16



Different function classes F

Question: With what kind of functions can we fit 1-dimensional data?

this lecture
Ya y 4
[ ]
constant n . . L
and linear O o @)
£ e £
3 oo . 3
c| %, i &
[ ]
> X
size in m2
ya y 4
[ ] [ ]
L L
more generally z -
polynomial, nonlinear < <
. [0} [0
(next time) 2 ke
o o
> X > X
size in m? size in m?



Function class: Linear functions

Function class F

* linear function

Class/set of all linear functions is the set Fj;,, = { f: f(x) = wy + wyx for wy, w; € R}

We say, all functions in Fy;;, are parameterized by two scalars wy, wy (also called weights)

> <

fx) = o)+ wx Yp o () =wo g
PY [
L L °
5 . G | [ changein o =
£ ° = price °
.8 ° S b
= = ([ ] Y
wo: baseline - > change in m?
price for house ’rl_‘
with 0 sgm » X > X

predicted by f Size in m* Size in m2



Different training losses e o on

representing “closeness”
between f(x) and y for a point (x, y)

Question: What is a good fit of the training data? '\
*  When f(x) is “close” to y on many points, that is, it has low training loss L(f) := %2?=1 2(f (%), y:1)

* Let's think about suitable loss functions, representing some notion of distance
y A

.....................................................................................................................................

. Which loss ¢(f (x), y) would you choose?g

. Discuss with neighbor for two minutes
. and answer on eduApp.

Price in CHF

@U@=y b)) -y
(0 (F) — 9)? (d) max(y — £(x),0)

v

size in m?



Different training losses

pointwise loss function ¢,
representing “closeness”
between f(x) and y for a point (x, y)

Question: What is a good fit of the training data? '\

*  When f(x) is “close” to y on many points, that is, it has low training loss L(f) := %Z?zl 2(f (x), vi)

* Let's think about suitable loss functions, representing some notion of distance

Y 4

Price in CHF

A

size in m?

v

f(x) = —10° for all x
not differentiable at f(x) =y would have low loss!

no closed-form /

@I1fx) =yl (B)f&x) -y

(c) (f (x) = »)? (d) max(y — f(x),0)
~

f(x) = 101°9 would have 0 loss, not differentiable

20



Training loss using the squared loss

Training loss

* squared loss

Y4
Remember: Our final “learnt rule” is the function f that
= minimizes the training loss (squared loss on average):
O
£
o A
g f = argmin L(f) = argmin - Z(yl )’
DL_ f€Fiin f€Fiin i
We call f the solution of the ML method linear regression
X

v

size in m?



Step Il: The method choice for this lecture

o ML method:
Training Data :> efficiently find f € F :> @

that fits training data

ML Scientists =
chooses 9

AN
~

P
Function class F Training loss

Optimization

* closed-form

\

today

* linear function * squared loss

in short called linear regression / linear least-squares
22



Plan for today

 Linear regressionin 1-d

o Steps | (data collection), Il (prediction with £) in 1d
o Step Il (training method):
i. Class of linear functions
ii. Motivating the squared loss
ii. Finding minimizer of the loss via stationary points

o Comment on other loss functions

- (Multiple) linear regression for general d

23



Linear model f that minimizes training loss

Goal: Find model f in Fi = {f: f(x) = wp + wyx for wy, w; € R} that has the smallest training loss

f = argmin L(f) = argmin — Z(yl f(x; ))

fEFlm feF lin

24



Linear model f that minimizes training loss

«  Goal: Find model f in Fj, = {f: f(x) = wg + wyx for wo,w; € R} that has the smallest training loss

f = argmin L(f) = argmin — Z(yl f(x; ))

f€Fin f€Fiin
« Can write any function in Fj;,, as f(x) = wy + w;x for some parameters wy, w; € R
— searching for a minimum in F;,, is the same as searching for parameters w,, w; that minimize

W = (Wy, w,) = argmin L(wy, w,) = argmin _Z(yi — Wy — Wy x;)?
Wo,WleR Wo,WleR n -

+ Can then output the function f(x) = W, + W, x

25



Minimizing the training loss: How to find w
Optimization

 closed-form

: . : : 1
Effective training loss for linear functions L(wg, wy) = ~ L —wo — wyx)?

We would like to find training loss minimizer w = (W,, w;) = argmin L(wg, w;)
wo,w1ER

Y a . .
» Could try out some candidates w (blue lines left:

for each w we plot f(x) = wy + wyx)

*  Fj;, includes infinitely many candidates, can't try all

Price in CHF

*  We can find minimizer w efficiently!

size in m? Next: characterizing the minimizer

26



Simplifying the problem: Fixingw, = 0
Optimization
* closed-form

.. . . 1 . .
The training loss for linear functions L(wgy, w;) = ;Z?:l()’i — wy — wyx;)? is a function of wy, wy

For simplification, we first fix wy = 0, and only optimize L(0,w;) over w; € R

Ya @

L(O,wy) 4
L
T
Q
c wn
'é :> § '@
= not the data!

/
p X >
2 W1

size in m weight
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Simplifying the problem: Fixingw, = 0
Optimization
* closed-form

.. . . 1 . .
The training loss for linear functions L(wgy, w;) = ;Z?:l()’i — wy — wyx;)? is a function of wy, wy

For simplification, we first fix wy = 0, and only optimize L(0,w;) over w; € R

Ya

@ L(O,wy) 4
L
T
U 2]
C
© =) 3 ° Q)
= not the data!
@ /
S > X : > wy
size in m weight
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Simplifying the problem: Fixingw, = 0
Optimization

 closed-form

.. . . 1 . .
The training loss for linear functions L(wgy, w;) = ;Z?:l()’i — wy — wyx;)? is a function of wy, wy

For simplification, we first fix wy = 0, and only optimize L(0,w;) over w; € R

Ya
L(O,wy) 4
LL
o
< @ ©,
9 =) S Q)
= ©) not the data!
@ '
> X > W
size in m? weight 1
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Analysis recap: Stationary points of 1-d functions

Optimization
* closed-form

For a general 1-d function g(w), where's the minimum w = argmin,,cgg(w)?

Here are two example functions. Find all stationary points, local and global minima.

derivative of L(0,w,)
wrt wy evaluated at w;

. 1 M 1" " M ! M M
— since L(0O,w,) = ~ (i —wyx;)?is a 1-d "upward” quadratic: there's one minimum where

\

L, (O, V’l\/l) =0

30



Back in 2-d: Finding the minimum w = (w,, w,)
Optimization

 closed-form

More generally: let wy again be variable, i.e. want to find w = (W,, w;) = argmin L(wg,, wy)
wo,w1ER

* By Theorem 2.3. Chapter |, a global minimum w must satisfy ,L(Ww) = 0

« Recall the training loss L(wy, wy) = %Z?ﬂ()’i —wo —wyx)?  Gradient of Lwt

w evaluated atw

| derive precise conditions on W as a function of the | contour

: i lines of L

i sample points {(x;, y;)}i=; (calculate the gradient first){  {w:L(w) = ¢}
e ST oY are 72 Wo

L(w)




How many minima w? - Linear Algebra refresher

2
—2yn i~ Wy — Wyx)
A minimum W must satisfy V,,L(W) = " nl v R ° R e = 0 (*). First think about
. _;Zi:1()’i — W — W1x;) X;
{

how many stationary points there are. How many (global) minima W does the function

1
L(WOrwl) = ZZ?:l(yl' — Wgo — Wlxi)z have?

(A) One (B) Multiple (C) None (D) Depends on {(x;, v;) ity

33



How many minima w? - Linear Algebra refresher

« The question can also be answered graphically. Here are some simple examples where the number

of solutions differ, just in one dimension

« Further, all solutions are global minima, and uniqueness can also follow via first and second order

derivative / convexity arguments (see Homework 1, released next week)

34



Side comment: other losses

Loss function

« different choices

So far considered the squared loss

weighs over- and underestimation the same

Cost grows quadratically (large errors hugely penalized)

Instead might want it to...

ignore outliers (ones with very large penalty) = Huber loss

weigh over- and underestimation differently - asymmetric losses

2(f(x), y)
1 ‘Esquare
A
‘EHuber
— f(x)
o(f ()‘?’ ) y
£
\ over ‘gunder
f(x)

35



Minimizer of Huber loss

Loss function

e  Huberloss

Minimizer of training loss with square loss %4y Minimizer of training loss Huber loss £y, per
Ya va
far points L compare:
Lt T in. of £
I O min. OT tsquare
O |::> =
= 3 | |
o0 have very = (o] little weight
O . .
= little weight
o
> X
size in m? —— > X
Size In m

Perhaps better choice if there are outliers in your training data not representing current market
36



Minimizer of asymmetric loss

Price in CHF

Loss function

* asymmetric
regression loss

Minimum of loss that places

Minimum of square loss ¥ . . .
4 square less weight on overestimation £,

Ya Yy 4

overestimation

H L

penalized less =

O

£

0}

2

—

o

> X X
size in m? — >
Slze 1IN Im

Perhaps better choice if you care more about maximizing profit than how fast you can sell

37/



Plan for today

- Linearregressionin 1-d

o Steps | (data collection), Ill (prediction) in 1d
o Step Il (training method)

o Comment on other loss functions

« (Multiple) linear regression for general d

o Steps | (data collection), Ill (prediction) in multi-d

o Step Il (training method):
i. Class of linear functions and squared loss in multi-d
i. Squared loss in standard matrix-vector notation

ii. Finding minimizer of the loss

38



Step I: More attributes available to describe house

Pz
y inipmiil
1 = \ similar size, but very different price?
L

These two houses have

° — this 1d model completely

ignores other attributes of the house!

Price in CHF
[ )

[
. [
[ ° ° A ¢ For example, they might differ in
I * number of bathrooms,

e distance to train station,

size in m? X  construction year etc.



Step I: Collect more attributes of other houses

x[1] = size (in m?), Input: attribute vector x = (x[1], ..., x[d]),

|

x[2] = #.Of bathroom; _ Output: y: sales price in CHF
x[3] = distance to train (in km),

x[4] = years since construction

-

x; = (120,2,0.5,1), y; = 1.5 mio

extract

—>

notation:

x; - input attributes of sample i
x[i] - i-th attribute

In rare cases:

x;[i] - i-th attribute of sample j

x, = (200,3,0.5,3) y, = 3mio

> >

x; = (130,2,5,1) y; = 1 mio

x4 = (135,1,5,1) y, = 0.7 mio

xs = (80,4,1,0.5) y; = 0.7 mio

> >

Disclaimer: these are artificial numbers in an imaginary city

40



Step | — Step llI: Multiple regression

(All visualizations are for two attributes, i.e. d = 2, the formulas are more general d > 1)

. ML method:
Training Data I:> efficiently find ferF I:> @

AN
4 A

AY Ay
ﬁ (x1,¥1) LL * LIL
T °

(x2,¥2) P
A 2 2) g (X5, 75) . ;

X, =
% 3, Y3 8 . /. ..o .\ .§
ER (x4¥4) 5_ ® . (xlryl) y
ﬁ (%s,¥5)

size in m?




Function class: Linear with d linear features

Function class F

* linear function

Class/set of all linear functions Fj;, = { f: f(x) = wy + Zj-l:lex[j] =wy+w'x forw= (wy,.., wy) € R}

Visualization for d = 2: f(x) = w, +@x[1] + wylx[2]
fix

for a fixed # bathrooms

y y

A
T ) along the T
O x[ ] ‘ @) change in
.E n" | n 'E prlce
©
8 purple cut 8 .
&Z o change in m?

. *—”5[1]
size in m? x[1] size in m?

42



Loss function: squared loss

Loss function

* squared loss

Analogous to 1-d case: learned model f minimizes training loss
n

o ] 1 2
f = argmin L(f) = argmin —Z(yi — f(xi))
f€Fin f€Fin ni:1
since f € Fj;;, must be of the form f(x) = Wy+Ww T x it is

equivalent to minimizing over parameter vector w and scalar wy
n

1
w = argmin L(wyw)= argmin —Z(yi —wy — w'x;)?
woER, weRd woER, weRd n =
Visualization ford = 2 x[2]



Training loss in matrix vector notation

We now see how we can rewrite the training loss L in matrix vector notation

1 . T ) 1 2
Lwo,w) = = ) (y; — (Wo +wTx))? == |ly — (Awy + Xw)||
n & n
i=

notation:
x; - input attributes of sample i

x[i] - i-th attribute
w; - i-th element of vector w

44



Training loss in matrix vector notation

We now see how we can rewrite the training loss L in matrix vector notation

1 . - ) 1 2
Lwo,w) = = ) (yi — (Wo +wTx))? == |ly — (Awy + Xw)||
n & n
i=

J

=0T T 11
AN

h

X1

=1-wy+w'x,

xn
A

~

b =ET T T T T

=1-wg+ whx,

Prediction for each
sample i using w, w,

1=(1,..,1) €R"
is the all-ones vector

wo + w'x,

—

aggregate
into one vector

wo + wlx,

N

4%

notation:

x; - input attributes of sample i
x[i] - i-th attribute

w; - i-th element of vector w

1wy + Xw
A
f R
1 Wol
L - w
u)
1

45



Plan for today

- Linearregressionin 1-d

o Steps | (data collection), Ill (prediction) in 1d
o Step Il (training method)

o Comment on other loss functions

« (Multiple) linear regression for general d

o Steps | (data collection), Ill (prediction) in multi-d
o Step Il (training method):
i. Class of linear functions in multi-d
i. Squared loss in standard matrix-vector notation

ii. Finding minimizer of the loss

46



Minimizing the multi-d training loss

« Rememberwe wanttofind w = argmin L(wy,w) = argmin —||y (1w, +XW)||

woER, weRd woER, weRd

« Forsimplicity let's again set wy, = 0 and minimize over w - argmin, ,_pa L(0,w) =

«  We'll now look at two ways to find a minimizer / solve the optimization problem:

1. stationary point condition (find vector w that have zero gradient)

2. geometric argument (orthogonal projection)

2
=[ly = xwl|".

47



Optimal solution: via stationary point condition
Optimization

 closed-form

« Again: Minimum w € argmin,, L(0,w) must be a stationary point, i.e. satisfying ¥, L(0,w) = 0

« Taking derivative of L(w) = % ||y||2 — %yTXW +11—l w'XTXw yields the gradient

48



Optimal solution: via stationary point condition
Optimization

 closed-form

« Again: Minimum w € argmin,, L(0,w) must be a stationary point, i.e. satisfying ¥, L(0,w) = 0

« Taking derivative of L(w) = % ||y||2 — %yTXW + 11—1 w'XTXw yields the gradient
7,L(0,w) = f—l (XTXw — XTy) and Hessian D2L(0,w) = %XTX

« Therefore all minima must satisfy X"y = XTX w (normal equations)

: : : , 1 2 -
« All stationary points of this quadratic loss ;||y — Xw||” are minima, because the

Hessian %XTX is positive semi-definite (psd) (see Ex. 2.6. in the notes, details more next week)

49



Optimal solution: via geometric argument (for d < n)

d
n—nxm

Optimization

closed-form

W = argmin,,

50



Optimal solution: via geometric argument (for d < n)
Optimization

 closed-form

2
d
W = argmin,, nly| — n| X

Rl’l

set of all possible Xw: span(X) = {v € R":v = Xw,w € R%} 1 [ly — Hxyl

(subspace spanned by d columns of X, Chapter I)

with dimension < n

IIyy: the unique closest point to y on span(X) is the

orthogonal projection of y onto span(X) (Ch. I, Ex. 1.27)

In Chapter |, Def 1.24 we see that Iy = X(XTX)"1XT span(X)

52



Optimal solution: via geometric argument

Note that by the definition of the projection, there's always W such that Xiv = IIyy (no matter which X)
Which w satisfy the condition X = IIyy? (see math recap Exercise 1.26)

«  We know that because X is an orthogonal projection onto span(X) = {Xw:w € R%},

the following has to be satisfied: y — Xw L Xw forallw - ((y —XV’D)TX)W = (u,w) = 0 for all w € R?
C Y,

let's call itu’

* In general: a vector that is orthogonal to all vectors, can only be the zero vector!

thatis, we require u=XTy —X"Xw =0and hence XTy = XTX W



Optimal solution

« We saw two different ways to derive conditions X'y = XX

on the minima of the Ioss%“y —XW||2 (called normal equations!)
« IfXTXisinvertible, this yields the unique solution w = (X TX)"'X Ty
« Exercise: How to find minimizer when w, # 0? Hint: define new matrix X = (1 X)
* Think about the following (answer in Sec. 4.2.3.): In general ...

A 1 2 . .
How many mlnlmawdoes;|ly—XWI| have? What is the minimum value?

How do these answers depend on n,d? Argue using the matrix XX

o4



What you can do now

« high-level: teach a machine how to use training data to output a prediction
rule/model (that can be used for prediction of a new point)
- know what a training loss is

- linear regression with multiple attributes including

o deriving a closed-form solution for the best linear fit (in the square loss sense)

on the training data (training loss minimzer)
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