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Problem 1 (Kernel Composition):

Assume that ki : X × X → R, i = 1, 2, are kernels with corresponding features mappings Φi : X → Fi to some
features spaces Fi. For each definition of k(·, ·) below, prove that k is also a kernel by finding the corresponding
mapping Φ : X → F to a feature space F .

(a) k(x,y) := ak1(x,y), for some a > 0.

(b) k(x,y) := k1(x,y) + k2(x,y).

(c) k(x,y) := xTMy, for x,y ∈ Rd, and some symmetric positive semidefinite M ∈ Rd×d.

Problem 2 (Kernelized Linear Regression):

In this exercise you will derive the kernelized version of linear regression.

(a) Prove that the following identity holds for any matrix B ∈ Rn×m, and any invertible matrices A ∈ Rm×m,
and C ∈ Rn×n. (

A−1 + BTC−1B
)−1

BTC−1 = ABT
(
BABT + C

)−1

(b) Remember the solution of ridge regression, w∗ =
(
XTX + λI

)−1
XTy. Use the matrix identity of part (a)

to prove that w∗ lies in the row space of X, that is, it can be written as w∗ = XTz∗ for some z∗ ∈ Rn.

(c) Use the result of part (b) to transform the original ridge regression loss function,

R(w) = ‖Xw − y‖22 + λ‖w‖22,

into a new loss function R̂(z), such that R̂(z∗) = R(w∗), and z∗ = argminz R̂(z).

(d) Assuming that you are given a kernel k(·, ·), express the kernel matrix K of the data set as a function of
the data matrix X, and substitute it in the new loss function R̂(z) to obtain the kernelized version of the
ridge regression loss function.

(e) To complete the kernelized version of ridge regression, show how you would predict the value y of a new
point x, assuming that you have already computed z∗.



Problem 3 (Classifiers):

The following figure shows three classifiers trained on the same data set. One of them is a k-nearest neighbor
classifier, and the other two are support vector machines (SVMs) using a quadratic and a Gaussian kernel respec-
tively. Based on the shape of the decision boundary, can you guess which plot corresponds to which classifier?
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