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Set functions

ground set ) — ] €%

We will assume:
.« F(0) =0

 black box “oracle” to evaluate F

cost/loss of picking
items together, or

utility, or
probability, ...



V = varlables to observe YV — seed nodes
F(S) = “information” F(S) =“spread”

YV = images (sentences, ...)
F(S) = “representation” maximize

coverage, spread,
diversity

maxg F(S)




— data points — pixels
F'(S) =“coherence/separation” F'(S) = “coherence/matching”

V = coordinates (variables) maximize
F(S) =“coherence” coherence,

smoothness
ming F'(5)




Convex functions (Lovasz, 1983)

* “occur in many models in economy, engineering and other

sciences”, “often the only nontrivial property that can be
stated in general”

e preserved under many operations and transformations:
larger effective range of results

e sufficient structure for a “mathematically beautiful and
practically useful theory”

e efficient minimization

“It is less apparent, but we claim and hope to prove to a
certain extent, that a similar role is played in discrete
optimization by submodular set-functions” [...]

they share the above four properties.




Outline

. What is Submodularity?
Examples, connections

. Submodular minimization

. Submodular maximization

. TOMORROW
. Advanced Topics

submodularity in deep learning, probabilistic inference,
active learning, bandits, ...



Diminishing gains

placement A ={1,2}

w\fﬁﬁﬁﬂ@ & o Uﬁﬁﬁw
Big gain

forall ACB
and s notinB

F(AUs) —

placement B ={1,2,3,4}




Diminishing costs: economies of scale

s

ACB

-
i

N——
B
F(AUs)— F(A) > F(BUs)— F(B)
extra cost: extra cost:

one drink free refill ©



Submodular set functions

* Diminishing gains: forall A C B




Example: modular function

each element e € V has a weight w(e)

F(S) =) wle)

ecS
ACB

F(AUe) —F(A) =w(e) = F(BUe)—F(B)=w(e)

submodular and supermodular!



Example: coverage

V = all possible sensor locations %

U area(v)

veS




Example: Diversity in recommender systems (FLID)
[Tschiatschek, Djolonga, K, AISTATS 2016]

a ®

makes calls
wireless
takes photos
indoor
sports
outdoor

s

k
Y [max Wi
1€S ’
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Example: sensing

(v Y, Y,
@ @ »w®
Xy

* )V =random variables we can possibly observe
e Utility to have sensors in locations A:

F(A) = /H7(Y) ~H(Y | X4) =I1(Y;X,)

. N,
Uncertainty Uncertainty
about temperature Y about temperature Y

before sensing after sensing



Example: entropy

Xq,...,X, discrete random variables
F(S) = H(Xg) = joint entropy of variables indexed by S
ACB
H(Xaue) —H(X4) =H(X.X4)
> H(X.|Xp) “information never hurts”

= H(Xpue) — H(XpB)

discrete entropy is submodular!



Submodularity and independence

Xq,...,X, discrete random variables

X,;,1 € S statistically independent

& His modular/linearon S H(Xg) ZH
eesS

Similarly: linear independence

=1l

F(S) = rank( )

“} vectors in S linearly independent

<~ Fis modular/linear on S:
FS)= 1S



Example: graph cuts

cut for one edge: @ @

FS) + F@) F(SUT)+F(SNT)
F({u}) + F({v}) = F({u,v}) + F(0)

GO0 o O—O
Wiy Wy, 0

O

* cut of one edge is submodular!
* large graph: sum of edges

sum of submodular functions is submodular



Closedness properties

F,,...,F,, submodular functionsonVand A,...,. A, >0
Then: F(A) = 2. A, F.(A) is submodular

Submodularity closed under nonnegative linear
combinations!

Extremely useful fact:

— Fy(A) submodular =» >, P(0) F4(A) submodular!
— Multicriterion optimization

— A basic proof technique! ©
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Other closedness properties

* Restriction: F(S) submodular on V, W subset of V

Then F’(S) = F (SN W) issubmodular

19



Other closedness properties

e Restriction: F(S) submodular on V, W subset of V

Then F’(S) = F (SN W) issubmodular

e Conditioning: F(S) submodular on V, W subset of V

Then F'(S) = F(SUW) issubmodular

20



Other closedness properties

* Restriction: F(S) submodular on V, W subset of V

Then F’(S) = F (SN W) issubmodular

e Conditioning: F(S) submodular on V, W subset of V

Then F'(S) = F(SUW) issubmodular

* Reflection: F(S) submodular on V

Then F'(S)=F(V\S) issubmodular

21



Submodularity ...

discrete convexity ....

V'

[\ ... OF concavity?
>

22



08¢
06
04

02+

Convex aspects

05
05

But this is only

half of the story...

convex extension
— duality
— efficient minimization

23



Concave aspects

* submodularity:

ACB, s¢ B:
F(AUs) — F(A)

1\
=
oy
C
NG
|
=
=

. @ -+ s +-s
* concavity:

a<b, s>0:

fla+s) = f(a)

F(A) “intuitively”
>

| N

|V

24



Submodularity and concavity

* suppose 4:N — R and F'(A) = g(|AJ)

F(A) submodular ifandonlyif ...g is concave

A

A7

25



Application: higher-order potentials

Pixels in a superpixel should have the same label

o([S)
f}/maX --/ \
[ >
000 000 Q00
o000 @00 Q00
o000 @00 Q00

concave function of cardinality = submodular ©
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Deep Submodular Functions

(Dolhansky & Bilmes 16)



Submodularity more generally

e |Lattices and continuous functions

fx)+ fly) = flzVy)+ flzAy)

subclass: diminishing returns (DR) - submodular fn’s

* Many optimization results generalize

(Milgrom-Shannon 94; Topkis 98; Murota 03; Kapralov-Post-Vondrak 10; Soma et al 2014-16; Bach 2015;
Ene & Nguyen 2016; Bian-Mirzasoleiman-Buhmann-Krause 16)



Origins and history

P 1/
J. Edmonds

\ S8
G. Choquet

submodular
functions

/

L. Lovasz

L.S. Shapley



nonconvex optimization probability measures
lattice / continuous submodularity log-supermodular (> positive assoc.)
many optimization & duality log-submodular (<negative assoc.)

results generalize sampling, m.oc.zle, .
approx. partition function

submodular set functions

convexity: dim. returns:
minimization maximization
max. coherence max. diversity

many examples:

* linear/modular functions * coverage

* entropy e diffusion in networks
 mutual information e volume

* rank functions * graph cut ...



Submodular minimization

min F'(S)
SCV

I L

“maximize coherence”

|dea: relaxation

F({b}) F({a})
4 R ] min F@) —> min f(z)
N t z€{0,1}n r€[0,1]"

).2

o_F(0) s

070



Lovasz extension

e expectation:

f(z) = Egna [F(S)]

* sample threshold 6 € [0, 1] uniformly
¢ Sp=A{el|z. >0}

eg. 0 =04

X000




Lovasz extension: example

f(z) = Eq[F(Sp)]

— - ({a}) A F(A)
F({a,b}) )

{b}
{a,b}

——
Q
—

o o O

33



Alternative characterization

f(x) =Koy | F'(Sp)]

if Fis submodular, this is equivalent to:

f(r) =max_ y'=x
Y4

Theorem (Edmonds 1971, Lovasz 1983)
Lovasz extension is convex < F is submodular.




Submodular polyhedra

submodular polyhedron:
Pr = {yER” | Zya < F(A) for allAQV}

aEA
A Yb

base polytope:

Pr
Yo Examples:
" '| * probability simplex
—2 -1 e spanning tree polytope

>
A
] 0 * permutahedron
b

{a,b}




Base polytopes

2D (2 elements)

AV
12
VF\
Pr 1!
—— »a
-2 -1

3D (3 elements)

A

/ B(F)
N
>
Yb
P(F)

Ya



The magic of base polytopes

f(x)=max y'z =maxd
yeBFr

* Linear optimization over the base polytope?
exponentially many constraints (one for each subset)

« Edmonds 1971: greedy works ©

1. sortcostvector Tr1) = Tr2) = --.
2. givessets S, ={n(1),...,7(2)}
3. Set Yru) = F(S;) — F(Si—1)

Implications: can compute
* Lovasz extension
* subgradients of Lovasz extension




1.

min F'(S) = min  f(x)
SCVY xe[0,1]m
relaxation: convex optimization €— many ways to do Step 1

computable subgradients

relaxation is exact!
pick elements with positive coordinates S™ = {e | z, > 0}

=» submodular minimization in polynomial time!
(Grotschel, Lovasz, Schrijver 1981)



Submodular minimization

convex optimization combinatorial methods
e ellipsoid method e first polynomial-time:
(Grotschel-Lovasz-Schrijver 81) (Schrijver 00, Iwata-Fleischer-

Fujishige-01)
subgradient method ...

(..., Chakrabarty-Lee-Sidford-Wong 16)
S e OWAT £ S log M) (wata 03)

. . O(n6 - n5T) (Orlin 09)
minimum-norm point /
Fujishige-Wolfe algorithm
(different relaxation)
(Fujishige-Isotani 11)
Latest: O(n*T log nM + n° log® nM)

on*T log® n + n*log® n) (Lee-Sidford-Wong 15)



Different relaxation

min f(x) + 3]} soves
T min F(S)+ alS| forall a

threshold optimal solution ™ at «

e dual problem: minimum norm point of base polytope

. 2
min ||y] g

e optimization: y
Frank-Wolfe, | e
Wolfe’s algorithm —2 -1 {a, b} 0




Minimum norm point

- 2
min |[|y]

s* € argmax (—Vg(y"), s)
sEBy




—— min—-norm-point
] —cond—grad
convergence of relaxation gy
——subgrad-des
o — 4'
Z S
| £
T - g 9
N = |
£ < 2|
o) S |
= |\ e . Ck
500 1000 1500 \‘ // 0
number of iterations 1/
!
q
/]

Empirically

convergence of S

H

min-norm point

500 1000 1500
number of iterations

(Figure from Bach, 2012)



Submodularity and convexity

convex Lovasz extension
— easy to compute: greedy algorithm (special polyhedra!)

submodular minimization via convex optimization: exact
duality results

structured sparsity (Bach 10)

decomposition & parallel algorithms
(Komodakis-Paragios-1ziritas 11, Stobbe-Krause 10, Jegelka-Bach-Sra 13,
Nishihara-Jegelka-Jordan 14, Ene-Nguyen 15)

variational inference (bjolonga-Krause 14)



Structured sparsity and submodularity

y = Mx + noise

Nrecd.
et 1881
ol ol )

N
SiE BN NEEE B

hidden !.I .i
units theorem
layer o Structured sparse PCA
training let
trained class
T bounded
cells connection 1
cell patterns would state
fiing p— pattern way states
response neurons what — control
stimulus system do current
does reinforcement
probability matrix
likelihood n performance circuit
distribution f— t test analog
~models vector experiments [— chip
distributions r table implemented
1 performed implementation
optimal T
optimization image
error images
minimum visual
algorithm object
objects




Sparsity

min ||y — Mz|]* +1Q(z)

* X Sparse N e X structured sparse
discrete regularization on support S of x

submodular function

Qz) = [lzllo =15] Q(z) = F(5)
relax to convex envelope
=» Lovasz extension
Qx) = |z H Q(z) = f(|z])

Optimization: submodular minimization (min-norm)
(Bach2010) 45




Submodular min: special cases

 “Graph-representable”: reduction to minimum cut
(Billionet & Minoux 85, Kolmogorov-Zabih 04, Freedman & Drineas 05, Zivny

09, Zivny & Jeavons 10, ...)

. Decomposable functions F(S) = Fi(S)
(Stobbe-Krause 10, Komodakis-Paragios-1ziritas 11, Kolmogorov 12, Jegelka-
Bach-Sra 13, Nishihara-Jegelka-Jordan 14, Ene-Nguyen 15, Fix-Joachims-Park-

Zabih 13, Fix-Wang-Zabih 14)

 Symmetric functions F(S)=F(V\S)
(Queyranne 98)  O(n3)



nonconvex optimization probability measures
lattice / continuous submodularity log-supermodular (> positive assoc.)
many optimization & duality log-submodular (<negative assoc.)

results generalize sampling, m.oc.zle, .
approx. partition function

submodular set functions

convexity: dim. returns:
minimization maximization
max. coherence max. diversity

many examples:

* linear/modular functions * coverage

* entropy e diffusion in networks
 mutual information e volume

* rank functions e graph cut ...



Outline

. What is Submodularity?
Examples, connections

. Submodular minimization

. Submodular maximization

. TOMORROW
. Advanced Topics

submodularity in deep learning, probabilistic inference,
active learning, bandits, ...



Submodular Maximization

 ground set

o ©
O O - @
' o Py . * submodular function
* ¢ F:2Y 3R
OO O
o © -
@ . Q o @
o o ImMax F(S)
SCV t

— /
Often s.t. to some constraints

Survey: Krause & Golovin (2014) “Submodular Function Maximization”



ETH

Application: Information Gathering

* where put sensors?
* which experiments?
* which labels?

F(S) = “information”

(Krause & Guestrin ‘05, Hoi-Jin-Zhu-Lyu ‘06, Das & Kempe 08, ...) 50



ETH

Application: Data Summarization

* which text, images, videos?
* which data points for training?

F(S) = “relevance, diversity, ...”

(El-Arini et al ‘09, Yue & Guestrin ‘09, Gomes & Krause’10, Lin & Bilmes ‘11, ...)



More maximization ...

co-segmentation

by maximizing
anisotropic diffusion
(Kim-Xing-Fei Fei-Kanade ‘11)

Influence maximization
(Kempe, Kleinberg, Tardos 03) max F( S )

weakly supervised
__—> engadget” object detection
; m (Song-Girshick-Jegelka-Mairal-
Harchaoui-Darrell ‘14)
\ diverse
‘L - recommendations
'sisu @ boinghuinal (Yue & Guestrin ’11)

inferring networks
(Gomez Rodriguez et al 2012)



Monotonicity

if SCT then F(5)<F(T)




Maximizing monotone functions

if ACB then F(A) < F(B)

max F(5)

 NP-hard
* Approximation: Greedy algorithms



Maximizing monotone functions

max F(S) st. |S| <k

Greedy algorithm:
So =)
fori=0, ..., k-1

* = F(S; U
¢ =arg max (5: U{ie})

SZ'_|_1 =5, U {6*}

How “good” is Sk ?



How good is greedy? in practice...

empirically:
9

sensor placement

information gain

1 2 3 4 5
Number of sensors placed



How good is greedy? ... in theory

max F(S) st. |S| <k

Theorem (Nemhauser, Wolsey, Fisher ‘7 8)

F monotone submodular, Si solution of greedy. Then

1 %
(1-2) Fs)

optimal solution

F(Sk)

|V

In general, no poly-time algorithm can do better than that!



Proof Sketch

Key lemma (“Rate equation”)

max F(S;u{e}) — F(S;) > %Ai %&)%@{Q%I%Mk



Appliction: Network Inference
[Gomez Rodriguez, Leskovec, Krause ACM TKDE 2012]

Given: Want:
1
b engadget’ b ¥ ——> engadgel
| AN
34 25 \
1ashdol INSTAPUNDIT.COM lashdor

N N

= =9 &

sisu 4 L)) boinaboinag sisu 129
) l‘,‘:‘."‘b 3 A Directary Cggonderrun Things o l'?"b
o e R A

Given traces of influence, wish to infer sparse
directed network G=(V,E)

=» Formulate as optimization problem

E* = F(E
arg fhax F(5)

59



Estimation problem

2 }l. 2/7

.~ . .~ —

4"/-\\ u n o i'(-'\\ n ] P
'sisu_| ) boinakuinag 'sisu_ N boingkuinad

Rl 4 SRR

 Many influence trees T consistent with data
* For cascade C, model P(C;| T)

* Find sparse graph that maximizes likelihood for all
observed cascades

=> Log likelihood monotonic submodular in selected edges

F(E) = log max P(C;|T)



Precision

Evaluation: Synthetic networks

1 I I | ]
0.8 | -
0.6 | -
04 | .
021 Netinf ]
0 Ba\sellneI | | |
0 02 04 06 0.8 1
Recall

1024 node hierarchical Kronecker
exponential transmission model

Precision

0.8 f
06
04 |
0.2

1 Netnf ~
Baseline

0

0 02 04 06 038 1
Recall

1000 node Forest Fire (aa=1.1)
power law transmission model

 Performance does not depend on the network structure:
— Synthetic Networks: Forest Fire, Kronecker, etc.
— Transmission time distribution: Exponential, Power Law

* Break-even point of > 90%

61




Diffusion Network
[Gomez Rodriguez, Leskovec, Krause ACM TKDE 2012]

",-. L ] ‘
e

- - e @ Blogs

@ Mainstream media

Actual network inferred from 172 million
articles from 1 million news sources 62



Questions

 What if | have more complex constraints?
* Greedy takes O(nk) time. What if n, k are large?

 What if my function is not monotone?



More complex constraints: budget
max F'(S) s.t. Zc(e) <B

ecS

1. run greedy: Sgr
2. run a modified greedy: S,,oq

. F(S: U {e}) - F(S)
€ arg rréax (e)

3. pick better of Sgr, Smod even better but less fast:
partial enumeration

1
=» approximation factor: 1 e |fitering o




Relax: Discrete to continuous
max F'(.5) max [ (z)

f@)a

0.2

Algorithm:
1. approximately maximize f,, over P = conv(Z)
2. round to discrete set




Multilinear extension

sample item e with probability .

fu(z) = Eses [F(S) p(1) =
=S F) [[e[[0-2)  PO=
SCV ecS  e¢S p(g) —

X X ©00 X%

0.2




Compare: Multilinear vs. Lovasz ext.

X~
AT S
_ s
NSNS SSSS

DD
D

* convex

concave in certain directions,
convex in others

e« computable in O(n log n)

approximate by sampling

» Submodular minimization > Submodular maximization



lllustration of Continuous Greedy
V ={a, b}

Vo = arg 1mnax XTg1
xecP

D

T
V] = argmax X go
\ xEP

"}/:

1
T




Continuous submodular maximization

e Continuous Greedy (~Frank Wolfe) “works” for any
— downward closed solvable polytope P

— monotone continuous “DR-submodular” function (beyond
multilinear extension)
=» Non-convex optimization with guarantees

 "works” means (1-1/e) approx. for continuous problem
* Rounding strategy depends on constraints

— Pipage rounding for matroids
— Contention resolution for more general P



Questions

 What if | have more complex constraints?
— budget constraints

— Downward closed constraints
(matroids, p-systems, knapsacks, their intersections, ...)

* Greedy takes O(nk) time. What if n, k are large?

 What if my function is not monotone?



Scaling up the greedy algorithm [Minoux ' 78]

In round i+1,

— have picked A. = {s,...,s.}

— pick s,,; = argmax, F(A, U {s})-F(A)

l.e., maximize “marginal benefit” A(s | A)

As | A) = F(A; U{s})-F(A)

Key observation: Submodularity implies
A(s [A) =A(s | Ajv)

1<j => A(SlAI)ZA(SlAJ) s-:

Marginal benefits can never increase!

71



66 ” . . ’
Lazy  greedy algorithm [Minoux’ 78]
Lazy greedy algorithm:
= First iteration as usual Benefit A(s | A)
= Keep an ordered list of marginal
benefits A, from previous iteration » [
= Re-evaluate A; only for top B
element | i
= If A, stays on top, use it, o .
therwi -sort
otherwise re-sor ; -:
]

Note: Very easy to compute online bounds, lazy evaluations, etc.

[Leskovec, Krause et al. ~ 07]
72



Lazier than lazy greedy

(Mirzasoleiman et al 2014)

max F(S) st. |[S| <k

fori=1...k:

 randomly plick set T of
size log =
k €

e find besta elementinT
and add

P = F(al5;i—
a; = argmax (a]S;—1)

S; «— S;,_1 U {a,@}



Performance

' @ “Lazy greedy”

Rand-Greedy eps=.001
1.756 yep

1.772
stochastic 177 ]
greedy A
1.768 T
A
17661 :
A
1.764 1 A ¥ Lazy-Greedy
E A Threshold-Greegy eps=0.7
c 5 1.762} . A Threshold-Greegy eps=0.8
o A Threshold-Greegy eps=0.9
"5‘ 1.76+F B Sample-Greedy p =0.13
6 B Sample-Greedy p = 0.23
()] | B Sample-Greedy p = 0.33
B 1.758 B Sample-Greedy p = 0.43
-
)
O

® Rand-Greedy eps=.01
i " ® Rand-Greedy eps=0.1
1.754 ® RandGreedy eps=0.3
17592 . . Multi-Greedy
0 2 4 6 8 10
Cost x 10°
<€

faster



Distributed greedy algorithms

- - - -

COOOOO COO0000 Q00000 QOPOO0O
Q00000 Q00000 COOO00 Q00000
(S)1) QOO

NN LT

Is this useful?

greedy is sequential.
pick in parallel??

pick k elements
on each machine.

combine and run
greedy again.



- -

QOO0

QOO0 00 (SIS II

Approximation factor:

1
min{vk,m}

better with geometric
structure

QOO0

-
-~
-
-~

GREEDI

pick in parallel

000000 .
000000 from m machines
s this useful?
- \
\\\ \‘l
N "
~ S 1
\\ \\ :
\NN:}\ v

Pick the best of m+1 solutions

New approximation factor:

- )




Distributed/Centralized

Empirical Performance

GreeDI
1 y
e |
0.95; Greedy/  Greedy/ I i’ -
Merge MaxI——‘I"'I' N
0.9 P N
'I Random/ Random/
/! Greedy Random
0.85}
0.8 : - : , [
| 2 N 6 8 10



Questions

 What if | have more complex constraints?
— budget constraints
— Downward closed solvable polytopes

* Greedy takes O(nk) time. What if n, k are large?
— Lazy greedy, lazier than lazy greedy

— filtering / streaming / multi-stage

— Distributed

 What if my function is not monotone?



Non-monotone functions

—if—5-CF—tier— 5 <+ r—




Greedy can fail ...

greco A =JLLpeplell — 2

o acA

acA
F(4, F(A) = 95

/ sensor 1 \ / sensor 2 sensor 3 sensor 4 \

) [y

coverage: 100 coverage: 30 coverage: 30 coverage: 40
cost: -60 cost: -1 cost: -1 cost: - 3
\ gain 40 / \gain 29 gain 29 gain ?D

So =10 S1 =0U argmax F'(a)

acy




Double (bidirectional) greedy

¢ Start: A =1(, B=YV
V [ @Ersas for i=1, ..., n //add or remove?
AL =40 e gain of adding (to A):
A Ay = [F(AUa) - F(A)]4
e gain of removing (from B):
B é& A_=[F(B\a) - F(B)];

add with probability

coverage: 100
m cost: -60 P(add)

A,

= 40%
Ap + A




Double (bidirectional) greedy

* Start: A o @’ B — V

V aﬁfﬁﬁ for i=1, ... n //add or remove?
Ay =40 add with probability
A |l Al
P(add) =
AL+
_ =060

5 UC addto A or Eemove from B]

_J

E coverage: 100
cost: -60




Double (bidirectional) greedy

Start: A p— @’ B = V

V mE e for i=1, ... n //add or remove?
Ay =29 add with probability
4 — Padd) =— = >
a — = —
Ay + 29
ZX__:: f—429]+.:: O
B J = [add to A] or remove from B
)

cost:

D coverage: 30

-1




Double (bidirectional) greedy

’ A=0, B=VY
V i [ o, for i=1, ..., n //add or remove?
AL =29  add with probability
4 1 P(add) =+ =2
AL+ 49
A_ =0
B ‘ | [add to A] or remove from B
—J
[ e« | coverage: 30
— cost: -1




Double greedy

max F'(.5)
SCV

Theorem (Buchbinder, Feldman, Naor, Schwartz ‘12)

F submodular, S, solution of double greedy. Then

E[F(Sg)] = 5F(S7)

\ optimal solution




Non-monotone maximization

Generally inapproximable unless F is nonnegative

Unconstrained maximization:
— Local search
— Double greedy: Optimal %2 approximation

Constrained maximization:
— Cardinality constraints: randomized greedy

— Filtering based algorithms

— More general constraints: Continuous local search via
multilinear extension

Distributed algorithms? yes!
— divide-and-conquer as before
— concurrency control / Hogwild



Submodular maximization: summary

 Many applications: diverse, informative subsets
 NP-hard, but variants of greedy / local search work
* Distinguish monotone / non-monotone

 Can handle several types of constraints

e Scalable algorithms for solving massive problems



Summary: Submodular Optimization

Minimization Maximization

Unconstrained SFMin SFMax generally hard
tractable, constrained distinguish montone &
SFMin generally hard non-monotone
Combinatorial and Greedy-like and
continuous algorithms continuous algorithms
Convex Lovasz extension  Nonconvex multilinear
extension
Faster algorithms for Fast distributed/
special cases streaming algorithms




